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What drives the evolution of preference for young or old red blood cells
in malaria parasites?

Khady Gningue', Ramses Djidjou-Demasse®?, Sylvain Gandon?, Quentin Richard®

Abstract

Malaria parasites exhibit striking variation in their ability to invade red blood cells (RBCs) of different ages, a
trait that differs across Plasmodium species and strains and is thought to play a central role in infection success
and coexistence. Yet, the evolutionary forces shaping RBC age preference remain poorly understood. Here, we
develop an age-structured within-host evolutionary model that links RBC population structure to parasite invasion,
replication, and transmission potential. We assume that parasite genotypes are characterized by a continuous
preference trait controlling their relative affinity for reticulocytes or normocytes, subject to physiological costs
of specialization. We show that evolutionary outcomes are governed by a balance between RBC availability and
the reproductive value of the parasite in the two types of RBC, which depend on several within-host parameters
like infection efficiency, burst size, and parasite mortality. The evolution of malaria preference for young or old
RBCs is driven by the within-host effective reproductive potential. Higher values of this quantity yield a higher
equilibrium density of parasites and a lower proportion of normocytes, which drives the evolution of a preference for
reticulocytes. This work provides a unified evolutionary explanation for observed species-specific RBC tropism in
malaria parasites and highlights how within-host age-structure of RBCs can drive the evolution of malaria preference
for different types of host cells.

1 Introduction

Human malaria is caused by several Plasmodium species [33], including P. falciparum, P. vivaz, P. malariae, P.
ovale, and P. knowlesi. Among these, P. falciparum and P. vivar are the most widespread, with P. falciparum
responsible for the majority of severe cases and malaria-related deaths, whereas P. vivaz infections are generally
less severe [6]. The parasite has a complex life cycle involving sexual reproduction in the mosquito vector [1] and
two developmental stages in the human host: a liver stage [13] and a blood stage [5]. Infection begins when an
infected mosquito injects sporozoites during a blood meal. Next, the sporozoites rapidly migrate to the liver, where
they invade hepatocytes and replicate before releasing merozoites into the bloodstream [13]. The merozoites then
invade red blood cells (RBCs), initiating the erythrocytic stage characterized by repeated cycles of replication,
cell rupture, and reinvasion of RBCs [29]. Plasmodium species exhibit remarkable diversity in their within-host
strategies, particularly in their preference for invading rRBCs of different ages, suggesting that RBC age structure
is not merely a physiological constraint but a key evolutionary axis shaping parasite adaptation. For example,
among human malaria parasites, P. vivaxr and P. ovale preferentially invade reticulocytes, P. malariae primarily
targets mature RBCs, whereas P. falciparum can infect RBCs across all age classes [32]. Despite extensive work on
within-host competition, the evolutionary forces driving RBC age preference and its role in parasite diversification
remain poorly understood.

Indeed, from a theoretical perspective, several mathematical models have been proposed to investigate within-
host parasite dynamics in mixed malaria infections [7, 8, 20, 31, 38]. Most of these studies predict competitive
exclusion among parasite genotypes of a given species, whereby only one strain persists while the others are driven
to extinction [8, 20, 38]. Exceptions arise under specific modelling assumptions regarding the RBC infection rate,
which may allow coexistence [7], or species-specific preferences for RBCs of different ages [12, 26, 31]. However,
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these works do not address the evolutionary mechanisms underlying species-specific preferences for RBCs of different
ages, nor do they identify the factors shaping such evolutionary strategies. However, RBC tropism is not fixed at
the species level and can vary substantially across strains (e.g., [22]), suggesting that it should be treated as a strain-
dependent trait. To address this gap, we develop an age-structured within-host model that captures the evolutionary
dynamics of malaria parasites in mixed infections. Our framework explicitly accounts for parasite preferences for
RBCs of different ages. By linking RBC age structure to parasite replication and invasion strategies, the model
provides a mechanistic understanding of the evolutionary drivers behind species-specific infection patterns.

One central result of this work is that parasite evolution is governed by a trade-off between exploitation of
young red blood cells (reticulocytes) and mature red blood cells (normocytes), mediated by the effective reproductive
potential Re¢. A key contribution is the identification of R as a unifying evolutionary control parameter governing
parasite RBC age preference. This quantity aggregates infection efficiency, burst size, and parasite lifespan. It can
thus be interpreted as a proxy for the evolutionary pressure acting at the RBC level, shaping strain-specific targeting
strategies. Our analysis shows that RBC age preference is not fixed, but emerges as an adaptive trait shaped by
epidemiological and within-host constraints. In particular: (i) low Rt selects for preference toward mature RBCs,
(ii) high Res favors reticulocyte targeting, and (iii) intermediate regimes generate graded evolutionary transitions.
Thus, parasite evolution is organized along a continuous axis of host cell exploitation rather than discrete species-
specific strategies. Importantly, variation in Re¢s maps directly onto shifts in RBC tropism across Plasmodium
species. This suggests that observed differences between species (e.g. P. falciparum vs P. vivaz) can be interpreted
as outcomes of continuous evolutionary tuning rather than fixed biological constraints. A non-intuitive result is
that parasite reproductive value within a given RBC type is not a reliable predictor of evolutionary preference. In
particular, RBC types with higher reproductive value are not necessarily preferred, and host cell abundance and
ecological feedbacks can override intrinsic ”quality” of the host cell. This decoupling between fitness within a host
class and evolutionary preference highlights the importance of ecological context in shaping parasite evolution.

We begin by presenting the mathematical model, including the definitions of its state variables and parameters.
Preliminary results are then established, demonstrating the existence of a positive global-in-time solution. We
analyze the existence of nontrivial stationary states and characterize the threshold dynamics of the single-genotype
system. The invasibility analysis follows, providing a quantitative framework to investigate species-specific evolu-
tionary preferences for RBCs. Finally, we illustrate model predictions and discuss the biological implications and
limitations of the modeling assumptions.

2 Model overview

The model describes within-host malaria infection coupled with red blood cells (RBCs) production. Uninfected
RBCs (uRBCs) are subdivided into two maturity stages: reticulocytes (young RBCs with density R,) and normo-
cytes (old RBCs with density R,,). We denote by J = {r,n} the set of RBC maturity stages. The model considers
the interaction between malaria parasites and circulating RBCs. We denote by G the finite set of size N of malaria
genotypes g € N. In the following, however, we focus only on situations where N =1 or NV = 2. We consider an
age-structured dynamics for the parasitized red blood cell (pRBC) stage. Here, the age is a continuous variable
representing the time elapsed since an uRBC became parasitized. This continuous age structure makes it possible
to track the maturation of pRBCs and thus provides a refined description of pRBC rupture and the associated
merozoite release process [8, 12].

The parasite-free dynamics. In the absence of malaria parasites, the dynamics of uRBCs are assumed to follow
a discrete maturity-stage structure described by

Ro(t) = Ao — 0, R (1),

: (1)
R, (t) = 60,.R.(t) — 0, R, (t).
The parameters 1/6, and 1/6,, denote the average durations of the reticulocyte and normocyte stages respectively,
while Ag represents the production rate of uRBCs. The equilibrium of system (1), hereafter referred to as the

parasite-free equilibrium, is given by
_ A
Rj=— VjeJ. (2)
0

The infection dynamics. In the presence of malaria parasites, we denote by p? (t,a) the size of pRBCs in group
j € J of genotype g € G at time t, where the variable a represents the time elapsed since the RBC was parasitized.



We denote also by u?(t) the total density of free merozoites of genotype g at time ¢. Although the production of
merozoites is structured according to the type of infected red blood cells j € 7, the free merozoites themselves are
not structured, and u?(t) represents the sum of all contributions arising from each RBC compartment. The model
we consider is given by:

Ro(t) = Ao — 6, R, (1) = 3 B2u? ()R

geg

geg
pa(t,0) = ﬂw(t) (1),
P (t,0) = BIu () Ry (1), (3)
<at+a> (t,a) = —(p(a) + 0,)pi(t, a),
(O + ) P (. a) = — () + 0,)pf, (£, a) + 0,p%(1, ),

as(r) = / " @) [mEpA(t, @) + mpS (1, a)] da — 5u? (1),

for each (t,g,a) € Ry x G x Ry, coupled with the initial condition R;(0) = R;o € R, p(0,-) = pJ, € LY(R,)
and u?(0) = uj € RT for each j € J.
In System (3), ,Bé’ is the ability of parasites with genotype g to infect RBCs of group j. Malaria parasites, that

are the merozoites, become nonviable or die at rate §. The term u(a) represents the rupture rate of pRBCs at time
o0

a post-parasitization. The quantity / mi—’ u(a)p? (t,a) da represents the total production number of merozoites at

time ¢t by pRBCs of group j infected %Vith genotype g.

Compared to related studies accounting for differential RBC preferences of Plasmodium genotypes (see e.g. [12]),
the present framework allows each genotype to target all RBC groups with varying infection efficiencies, rather than
infection efficiencies to binary values (0 or 1) as assumed in [12].

Moreover, System (3) is studied under the following natural assumption.

Assumption 2.1 We suppose for each j € J, g € G the following:
1. p€ L®(Ry), Ao >0, m] >0, B/ >0 andd>0.
2. There exist a, > 0 and p > 0 such that p(a) > p, fa.e. a>ay,.
3. 0,.>0,>0.

While Assumption 2.1 is fairly general, item 2 implies that pRBCs eventually rupture, whereas item 3 means
that normocytes have a longer lifespan than reticulocytes (i.e. 1/6, > 1/6,).
The main variables of Model (3) are listed in Table 1.

Table 1: State variables of the model.

Variable Description Unit
R,.(t) Density of young RBCs at time ¢ cells/mL
R, (1) Density of mature RBCs at time ¢ cells/mL

pI(t,a) Density of infected reticulocytes of genotype g and infection age a  cells/mL
pd(t,a)  Density of infected normocytes of genotype g and infection age a  cells/mL
u?(t) Density of free merozoites of genotype ¢ at time ¢ cells/mL

3 Preliminaries results

Let us define the following quantities:

m(a,0;) = e~ Jo (u(e)+65)ds 214 p(0,,0,,a) :/ 0.7(s,0,)e” S () +60n)dn g6 — 7 HTG (m(a,0,)—7(a,0,)) (4)
0 r— Un

for each j € J. In the above expressions, the terms 7(a,,) and 7(a,6,) represent the survival probability of
a parasitized reticulocyte (respectively normocyte) up to age a. The term 6,7(a,6,) represents the probability



that a parasitized reticulocyte survives until infection age s and matures at that age s. Once matured, this RBC
survives from age s to age a with probability e~ J& () +6n)dn, Consequently, since 6, > 6,,, we have w(a,0,) >
m(a,6.), Va > 0, which reflects the longer lifespan of mature RBCs compared to reticulocytes. From the expression
of p(0,,0,,a) in (4), we deduce that p(0,,60,,a) > 0 for all a > 0. Biologically, it represents the probability that
a parasitized reticulocyte survives long enough to mature into a normocyte before rupture. This highlights the
existence of an indirect infection pathway through which parasites initially infecting reticulocytes can complete
their development in the normocyte stage.

We define the space X = R? x L* <R+, RQ‘gl) x R9! endowed with the usual norm and X, its positive cone, where

|G| = card(G). The existence and positivity of solutions for system (3) is stated as follows:

Theorem 3.1 There exists a unique strongly continuous semiflow {V(t,-) : X — X},o, such that, for each po =
(R 05 Bn0, (020,05 0)geg» (uf)geg) € Xy the map (-, 0) € C([0,00), Xy ) is a mild solution of (3). Furthermore,
let \I/(v 900) = (RT7 Rna (pgvpgz)gegv (Ug)geg), then:

1. For each g € G, we have

~(0,0,)
plola—t)———, a>t,
pl(t,a) = of )77(@ —t,0;)

BIR,(t —a)u!(t —a)m(a,0,), a<t,
and

0. ) ra e—th _ —to

N S COL. ) B S e oL () a>t,

p%(t7a) _ pn,O( ) (a _ t, 077,) pT 0( ) gr o 0n -
ﬂan(t - a)ug(t - Cl,)ﬂ'(a,, en) + Bgug(t - a)RT(t - a)p(9r7 9717 CL>7 a <t.

2. Letm = maé({mf, m3}. For allt > 0, we define the total host populations:
ge

N, (t) +Z/ pi(t,a)da, Ny(t) :== Ry( +Z/ po(t,a)d

geG geg
Then
Ao
N,.(t) < N.(0)e=?t + 9—(1 —e ") <max{ Rpo + Z/ prola =: Cr(po) (7)
T geg T
and
0t OCr o 0-Cr
N,(t) < N,o(0)e " 4+ T(l - ) <maxq R, o+ Z pn o(a)da, 0 =: Cp(¢0)- (8)
" 9€g

Moreover, the parasite load satisfies:

m(C, + C, oo _ m(Cy +C’ oo
S ) < e Y ul + Culls (1 ) < ] S, IR G

geg geg 9geg

Hence U(t, ) € Bx(0,Cy (o) + Cn(wo) + Culpo)) for each t > 0, where Bx (0, k) denotes the ball of X
centered at 0 € X with radius k.

3. Let the set

0 2on||MHL°C
B: @OGX-‘,- T0+Z/ pTO da< n0+2/ pnO da 97; - -

g€eg g€eg
(10)
then the semiflow {¥(t,-)},~o is bounded dissipative, that is for any bounded set B C X, we can find
to = to(B,B) > 0 such that U(t, B) C B for all t > ty.



4. The semiflow is asymptotically smooth: for any nonempty, closed, bounded and positively invariant set B C
Xy, there exists a compact set K C Xy such that tlim Ay (¥(t,B),K) =0, where Ay is the semi-distance
—00

defined by Ay (K, B) = sup inf ||z — y|x.
zeK YEB

5. There exists a non-empty compact set A of X, which is invariant under the semiflow {U (¢, ) }1>0, and attracts
the bounded subsets of X4, i.e. for any bounded set B C X4, . ligrn Ay (V(t,B),A) = 0. The attractor A
—+o0

satisfies A C B. Moreover, the following sharp bounds hold:

gol:gA R0 >0, tplorgA Ry 0> 0.
6. For each g € G we define the sets
W9 ={po € Xy : p?(po) >0}, OV =X\ W (11)

ahere #(0) =+ Y [ pola)da for every 0 = (Rr B (0l hacos (uf aco). Then for cvery
jeg 0
t > 0 we have
U, WI) Cc WI,  T(t,oW9) C oW9. (12)
Moreover, let g € G and po € WY then there exists to > 0 such that

it o) >0, vt > to.

7. The semiflow {U(t,.)} >0 is state-continuous uniformly in finite time, that is for every (T, po) € Ry x X4
and every € > 0 there exists n > 0 such that for every pg € X,

H900 - SZO”X < n = ||\I’(t7500) - W(ta@0)||X <g, vt € [OaT]

Consequently A is locally asymptotically stable i.e. for every neighborhood V' of A, there exists a neighborhood
W CV of A such that U(t, W) C V for every t > 0 and there exists moreover a neighborhood V' of A such
that tlim Apg(Y(t,V),W)=0.

We refer to the section A for the proof of this result.

4 Equilibria and threshold dynamics

Let us consider System (3) with the presence of a single malaria genotype (i.e. N = 1) denoted as g € N. The basic
reproduction number Ry(g) represents the expected number of merozoites generated by one pRBC introduced into
a fully healthy RBC population [2, 11]. By the next generation operator approach, we find that

Ro(g) = Ro(9) +Ro(9) + Ro " (9)- (13)

Here, Rj(g), Ri(g), and Ry~ "(g) denote respectively the total number of merozoites produced: by a parasitized
reticulocyte (young RBCs), by a parasitized normocyte (mature RBCs) and by a parasitized reticulocyte for which
rupture occurs at the normocyte stage. We have

- mil, s - mI .y, n - mil,
RE(Q):ﬂq‘?Rr s 7?“OH (g)zﬂgRr T%v RO(g):Ban s

where R; is the parasite-free equilibrium defined by (2) and Rjﬁj-] describes the number of new infections by
a merozoite. The quantities m9T'./6, mJ ', /§ and mJ T',_,, /0 represent the contributions of different types of
RBC infections to the overall number of merozoites produced by a single merozoite: (i) when infection occurs in
reticulocytes and rupture takes place at this same stage; (ii) when infection occurs in normocytes and rupture
occurs at this stage; and (iii) when infection occurs in reticulocytes but rupture takes place at the normocyte stage.
We refer to Section B.1 for the detailed derivation and computation of this basic reproduction number Ro(g). The
terms I'} are given by

= / m(a,0y)u(a)da, T, = / m(a,0p) pla)da, Tpyp = / p(0r, 0n,a)pu(a)da.
0 0 0



In the present model, the quantities I mdT,./d, B m, T\, /6, and I mI T, /0 are interpreted as pathway-
specific reproductive values, since they quantify the expected contribution of an infected RBC to future production
of new RBC infections through the corresponding developmental pathway. In particular, they measure the relative
long-term contribution of each developmental pathway to future parasite generations. This interpretation is consis-
tent with the classical concept of reproductive value in class-structured populations (see Chapter 10, Section 10.4
of [30]), with its interpretation in structured epidemiological models [10], and with reproductive-value weighting in
class-structured populations [23]. The differences between these quantities arise from survival effect. First, survival
probabilities depend on the RBC type through the functions 7 (a, ;) and p(6, 0,,, a). Second, the three terms corre-
spond to distinct infection pathways: I',. accounts for parasites completing their development within reticulocytes,
I, for those developing within normocytes, and I',._,,, for parasites initially infecting reticulocytes and completing
their development after maturation into normocytes. Altogether, these mechanisms lead to potentially different
contributions of each RBC compartment. In particular, since 6, > 6,, (Assumption 2.1), it follows that

0
r,=".+ (1 - ein)rr—m >,
Or
(T 4 Trosn) = D = 55— (T = ;) > 0. (14)

Inequality (14) highlights that RBCs are not equally favorable for parasite development. More precisely, the
reproductive values associated with reticulocytes and normocytes are quantified by B(miI, + mITr—,)/d and
BImIT, /d, respectively. Therefore, whenever 6, > 6,, (i.e. normocytes have a longer lifespan than reticulocytes)
and both RBC classes produce the same number of merozoites per infected cell (i.e. m? = mf) and the merozoites
produced from different RBCs are all equally infectious (i.e. 87 = B7), by (14), reticulocytes provide a higher
overall reproductive benefit to the parasite than normocytes, i.e. T, +T'._,,, > T',, (Figure 1).

Proposition 4.1 Let G = {g} and assume that the basic reproduction number Ro(g) introduced in (13) satisﬁes
Ro(g) > 1. Then, the single-genotype model admits a unique positive equilibrium, denoted by E* = (R;’i, Ry pZ*, pd* u? *)
whose expressions are given by:

. 0, R,
Rr 0 + Bgug’*a
P 0,0, R,

" Oy + BIu*) (6, + BIus)’ (15)
p?*(a) = Blu* Rym(a,b,),
P2 (a) = [BI Ry m(a,0,) + BIRy p(0r, 0, a)] u?,

and where u?* is the unique positive solution of the following equation:

0 T T—=n 07’ 0”
W(R 0(9) + Rg (g))+9r+ﬁfugv 0, 1 Bous

The detailed proof of Proposition 4.1 is given in Section C. The next result concerns the global threshold
dynamics of the system (3) in the presence of a single genotype.

Theorem 4.2 Let G = {g}.

Ri(g) = 1. (16)

1. The parasite-free equilibrium Eg = (R, R,,071,071,0) is globally asymptotically stable in X, if Ro(g) < 1
and in OW? otherwise.

2. If Ro(g) > 1, then there exists a global attractor A C A in WY (of compact sets of Xy ) that is locally
asymptotically stable. In particular, there exists n > 0, such that for all po € W9, we have

liminf inf ||‘~I/( 0) —w|lx >,

t—oo weOW
where the spaces WY and OW? are defined by (11). That is to say ¥ is p?-strongly uniformly persistent.
The proof of Theorem 4.2 is detailed in Section D.
In the following, we focus on a scenario where two malaria genotypes are present (i.e. N =2 and G = {1,2}).

Next, we derive the necessary and sufficient conditions for the existence and uniqueness of a positive co-existence
equilibrium comprising these two genotypes.



Theorem 4.3 Suppose that G = {1,2},
Case 1. (Rg(2) — RG(1)) #0 and (Rp(1) + R57™(1)) — (Rp(2) + Ry "(2)) # 0. Define

CRE(1) 4+ RE(1) — RE(2) — RE(2)
e D [ I
z(2,1) = !

TR + Ry () + R (Dy(2, 1)
Introduce the following condition

0<y(2,1) <1,

Ro(1) + Ry~ (1) + Ry (L)y(2,1) > 1.

(17)

(i) If condition (17) is not satisfied, then System (3) does not admit any positive equilibrium.
(ii) Assume that condition (17) holds.
— If B2BL — B%BL = 0 then, System (3) admits either no positive equilibrium or infinitely many positive
equilibria.
- If B,Zlﬂrl — ,BEB}L # 0 then, System (3) admits a unique positive equilibrium, denoted as E* =
(Ry, Ry, o™ o™ 0o ™ uh™ u™) , iff

O . (B B On - B
g—rmln (g}ﬁgﬁ) <K(2,1) < Emax (2117gg> ) (18)

, 1 1 -
with K(2,1) = (:6(2,1) - 1> <y(27 0 1) . Furthermore,

R* _ GTRT
T 97“ + deg 557149’*7
QTHTLR’IL
R =

n

(0" + 2 geg ﬁzug7*> (07” +2eq /Bgug,*>
pit =" Bl Rim(a,0;), g €G,
py " =ur B Ry (a,0n) + Blu” Ryp(0r, 0n,a), g€G,

and

1% _ 1 2 1 _ _ 2 1 _
U‘W%%ﬁ%%%%<ﬂzw Q %@<MIU Qy

2% __ 1 _ 1 1 _ 2 1 _
u ‘@&—@m{@@(dzn Q+%@<mzu Q}

Case 2. Assume that exactly one of the following two equalities holds:

RG(2) =Rg(1) =0, and (Rp(1) +Ro (1)) = (Rp(2) + R "(2)),, # 0

or
R5(2) = Rg(1) #0 and (RG(1) +RG7™(1)) — (Ro(2) +Rg"(2)) = 0.

Then, Equation (EG) cannot be satisfied. Hence, System (E5) has no solution, and therefore System (3)

admits no positive equilibrium.

Case 3. (R§(2) — R§(1)) =0 and (Ry(1) + RET7™(1)) — (RG(2) + Ry™™(2)) = 0. Then, System (3) admits infinitely
many positive equilibria.

In Theorem 4.3, the full coexistence region for the two genotypes is defined by a combination of trade-offs,
feasibility, and invasion constraints. Condition (17) define a wedge-shaped region in trait space where the two
genotypes exhibit a trade-off in their reproductive pathways: one genotype is more efficient on reticulocytes, while
the other is more efficient on normocytes. This ensures that neither genotype dominates all available resources
and that both can maintain positive equilibrium densities. Condition (18) further restricts this region by imposing
mutual invasibility constraints, ensuring that each genotype can invade the other when rare. Taken together, these
four conditions delineate the subset of trait space in which stable coexistence is ecologically feasible.

The detailed proof of Theorem 4.3 is given in Section E.



5 Invasibility analysis

Next, we consider a polymorphic parasite population in which a mutant strain is introduced into a resident popula-
tion. We will focus on a simplifying scenario where we assume that both types of RBCs produce the same number
of merozoites (i.e. m? = m? = m). Each malaria genotype g € G is characterized by a quantitative trait and,
we will note, ¢4 € (0,1), the value of this trait which measures the probability to invade a reticulocytes (1 — g,
measures the probability to invade a normocyte). Section F provides a mechanistic justification for the definition
of this preference trait. In particular, the preference trait is assumed to affect the infection efficiencies 55[-’ :

BY =qyx(qq,c) 3 and 9 =(1-qq) x(gq,¢) B (19)

where 3 denotes the maximal effectiveness and x(gq, ¢) is a function that measures the fitness cost of preference.
This cost is expected to increase as soon as there is some preference for reticulocytes or nomocytes (i.e. when
gg # 1/2) and the magnitude of the drop in fitness is governed by the parameter ¢ € Ry

) (20)

D=

X(gg,¢) = e=<(9~

In other words, when ¢ = 0, there is no cost associated with a preference, whereas ¢ > 0 induces selection toward
the no-preference strategy ¢ = 1/2.

5.1 Invasion fitness and singular preference trait

This parasite will hereafter be referred to as the resident parasite. Next, a second genotype (i.e. g = 2) with a
preference trait go, referred to as the invader, is introduced into the system at the resident equilibrium E*(qq,c).
The ability of the mutant parasite to invade the resident is determined by its invasion fitness R(q1, g2, ¢), which
measures the expected number of new RBC infections produced by the invader during the lifetime of an infected
RBC (see Section B.2 for the derivation)

B m * *
Rl = T (@R 0 +T) +0-0) R dly )X,  (@1)
—_———— ——
. secondary infections from secondary infections cost of
regcr)ct)grlllt?;llve reticulocytes from normocytes preference

The above expression can be interpreted as the product of three biological components: (i) the quantitative param-

eter
Bm

T?
which represents a composite measure of the parasite effective reproductive potential at the RBC level; (ii) the
expected number of secondary infections produced through each RBC class; and (iii) the cost of preference x (g2, ¢).

The expected number of secondary infections itself depends on two complementary properties of the RBC
environment. First, the equilibrium densities R} (q1,c) and R} (g1, c) quantify the relative quantity (or availability)
of reticulocytes and normocytes. Second, the reproductive values I',. 4+ I',_,, and I',, characterize the relative
quality of the two RBC classes, that is, their expected contribution to future parasite reproduction. Consequently,
the evolution of parasite preference is expected to result from a trade-off between the quality and the quantity of
the two host-cell types.

To characterize these two ecological components, we introduce two quantities. The ratio

Ret = (22)

T+ Ty
Fr/n = T—>7 (23)

measures the relative quality of reticulocytes compared with normocytes. Moreover, at the equilibrium (15), the
proportion of reticulocytes is given by

R* 0, R.\ "
Prlq1) = I (1 + T B 'R-> , (24)

which measures their relative quantity (or availability).



Table 2: Model parameters and values used in simulations.

Parameter Biological meaning Value Reference
Ao RBCs production rate (RBC/h/mL) 1.73 x 10°  [3, 27]
1/6, Reticulocyte lifespan (h) 36 [27]
1/6, Lifespan of mature RBCs (days) 116.5 [27]
m Number of merozoites produced by pRBCs 6 — 32 [18, 32]
T Erythrocyte cycle duration (h) 48 — 72 32]
w(a) Rupture function of pRBCs lr0y(@) -~
B RBCs infection rate (1/h) variable -
) Rate of degradation of parasites (h™!) 48 [18]
A) )
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Figure 1: Effects of different within-host parameters on the relative quality (for the parasite) and on the relative
quantity of reticulocytes. Panel (A) illustrates that the reproductive value associated with parasites infecting
reticulocytes (a measure of the relative quality of the reticulocytes for the parasite) is always higher than that
associated with parasites infecting normocytes, since the ratio I',, in (23), remains greater than one over the
whole range of turnover-rate ratios 6,, /6. One may therefore expect the parasite to preferentially infect reticulocytes
because these cells provide a higher reproductive return. However, Panel (B) shows that the equilibrium proportion
of reticulocytes Py, defined in (24) (a measure of the relative quantity of reticulocytes), increases with the effective
reproductive potential R (illustrated here for ¢ = 0.5 and ¢ = 0). The hatched region corresponds to parameter
values for which Ry < 1, where the parasite cannot persist. For Ry > 1, the reticulocyte proportion increases
monotonically with Rer and reaches P, = 1/2 at the threshold R2). Hence, parasite evolution is expected to
depend not only on the higher quality of reticulocytes but also on their availability.

The preference trait evolution is driven by the selection gradient

8R(qla q2, C)

S(qu,c) = 20

(25)

92=q1

Singular strategies are noted ¢* and satisfy S(q*,¢) = 0. They are characterized by second-order derivatives of
the invasion fitness (21),

82R(qla QQ,C) aZR(QhQL C)

, Si2=
aq% q1=q2=q* 8(]1 8(12

82R<Q1a q2, C)

S22 = oq}

) Sll =

Q1 =q2=q*

q1=q2=q*

A singular strategy is an evolutionary stable strategy (ESS) if Sos < 0, a convergent stable strategy (CSS) if
S12 + S22 < 0, an evolutionary attractor (EA) if both conditions hold, and a branching point if it is a CSS with
Saz > 0 ]9, 14, 28]. The existence of a singular preference trait ¢* strongly depends on the parameter

0r I'n

R=_—"Lx—1"1
en FT+FT—>n



The quantity R is a relative weighting factor that compares the contribution of the reticulocyte and normocyte
pathways. Tt combines the relative residence times of the two stages, through 6,./6, = 6,'/67", with their relative
quality, represented by Ty, /(T'; + I'y—,,). Thus, R measures the relative effective contribution of the reticulocyte
pathway compared with the normocyte pathway to the life history of infected RBCs.

Theorem 5.1 Let ¢ > 0 be the cost of preference parameter, and let R be the relative demographic threshold ratio.
A necessary and sufficient condition for the existence of a singular strategy ¢* (thus satisfying S(¢*,c) =0) is

o 7_9771 ~ (1—c+30q*—20q*)2)
Wl o) = Bnlac) (1 e 2P ) (26)

where u* (g%, c) is defined by (16). Necessary conditions for the existence of ¢* are given below.

1 R—-1
1. Ifc<land R > T (or equivalently, ¢ < T)’ there exists at most one solution ¢* € (0,1) if
—c
A0 Ref(rr + Fr—>n) e76/4
1-c

>0,

and no solution otherwise.

2. If R <1 — c there exists no solution.

1
3 Ifc=1lorif(fc<landl —c<R< 1—), there exists at most one solution ¢* € (g,1) if
—c

AO 7?'ef(l—"r + Fr%n)
1 —c+ 3cq —2¢(7)?

(A 1)\2
e T3 > 9,

where @ € (0,1) is the unique solution of
R(1 — ¢+ 3cq — 2¢(9)?) = 1+ cq — 2¢(q)>.
and no solution otherwise.

4. Case ¢ > 1. There exists at most one solution ¢* € I, = (¢min(€), gmax(c)) C (0,1), where

qmin(c) = i <3 - m) , qmax(c) = i (1 + m) .

The singular strategy ¢* whose existence is established above is always an evolutionarily stable strategy (ESS).
Moreover, since lim gumin(c) = lIm gmax(c) = %, the ESS satisfies ¢* =~ % for large costs ¢, corresponding to the
C o0 cC— 00

absence of preferential affinity between RBC classes. Details are provided in Section G.

5.2 Characterization of the evolutionary preference for young or mature RBCs

The ESS ¢* introduced above provides a precise characterization of the evolutionary preference of a given malaria
genotype for either young or mature RBCs: ¢* < 0.5 corresponds to a preference for mature RBCs, whereas ¢* > 0.5
corresponds to a preference for young RBCs. Moreover, when ¢* = 0, ¢* ~ 0.5, or ¢* = 1, this indicates a strong
preference for mature RBCs, no marked preference between the two stages, or a strong preference for young RBCs,
respectively.

We then have the following result:

Proposition 5.2 Let ¢* the ESS introduced above. Let us introduce the effective reproductive potential thresholds
R and RY given by

¢ = -1
Ry =(1 —c)e”’* (R, (T, +Tyn))

= -1 971 _
RY = (R, Ty +T'50)) <1 —5t rr/1n> .
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1. If Ret < R, then ¢* < 0.5, leading to an evolutionary preference for mature RBCs. In particular, ¢* = 0
when Rer < Rgf, leading to a strong evolutionary preference for mature RBCs.

2. If Ret > R, then ¢* > 0.5, leading to an evolutionary preference for young RBCs.

€

Note that the effective reproductive threshold Rgf corresponds to values of R below which the ESS ¢* favors a
strong preference for mature RBCs (Figure 2A,B). This indicates that mature RBCs constitute a more suitable host
when the effective reproductive potential of the parasite at the RBC level is not sufficiently strong. By contrast, the
threshold R5f corresponds to values of Rt above which the ESS ¢* favors a preference for young RBCs (Figure 2).
Crucially, we find that parasite preference for reticulocytes at the ESS ¢* increases with the effective reproductive
potential Rer (Figure 2). To understand this effect, it is important to notice that the selection gradient depends
both on the relative quality and the relative quantity of the two types of RBCs. On the one hand we showed
above that as soon as 6, > 0,, (i.e., normocytes have a longer lifespan than reticulocytes) and assuming identical
merozoite production in both RBC classes (i.e., mZ = mY), it follows from (14) that T',,, > 1. Hence, infecting
reticulocytes provide a higher overall reproductive benefit than normocytes. In other words, the relative quality of
the reticulocytes is higher (Figure 1A). On the other hand, we have shown that the relative quantity of reticulocytes
increases with Ref (Figure 1B). Indeed, when the effective reproductive potential increases, the density of merozoites
increases, more RBCs are infected and are lysed by the parasite which changes the age structure of the RBCs and
increases the proportion of reticulocytes. Thus, when R.¢ is low, the lower proportion of reticulocytes drives the
evolution towards a preference for normocytes (simply because they are more abundant). In contrast, when R is
high, the higher quality and the increasing quantity of reticulocytes favors the opposite preference for reticulocytes.

Note that when P,.(¢*) = 0.5 (i.e., there are as many normocytes as reticulocytes), we always have ¢* > 0.5.
Therefore, for ¢* = 0.5 to hold, there must be a higher abundance of normocytes to compensate for their lower
quality, particularly when the fitness cost of preference is low (Figure 1B). In other words, the effective reproductive
potential Res influences the equilibrium age structure of red blood cells through changes in the proportion of
reticulocytes. Since parasite fitness depends on the availability of the different RBC classes, variations in resource
composition modify the ecological environment experienced by the parasite.

n
o

n
s

*) c ®) c=0s ©) c (0) c

1l
N

T T T T T T T T T T T T T T T T T T T T T T T
-10

T
-9 -8 =7 6. -9 -8 =7 6. -5 -10 -9 -8 =7 6 . -5 -10 -9 -8 =7 6.
logyo(Rer) : effec. repro. potential logio(Rer) : effec. repro. potential logyo(Rer) : effec. repro. potential logso(Rer) : effec. repro. potential

o R * RY — ESS(q) @ Ro<l O Rp=21

Figure 2: The effective reproductive potential of the parasite Ros drives the evolution of the preference ¢* for
reticulocytes. When Ro; < RY, there is a strong evolutionary preference for mature RBCs, while R < Rer < R
corresponds to an intermediate evolutionary preference for mature RBCs. By contrast, Res > Rg? corresponds to
an evolutionary preference for young RBCs. For low specialization costs (¢ < 1), the admissible interval for an
interior ESS spans the full range of preference values. When ¢ > 1, the ESS is constrained to the interval (¢min, ¢max)
defined in Section 5.1 As the specialization cost increases, ¢min and gmax move toward 1/2, thereby reducing the
range of feasible evolutionary outcomes. Here the erythrocyte cycle duration is 7 = 48 h, and the other baseline
parameter values are summarized in Table 2.

6 Discussion

Human malaria is caused by several Plasmodium species, including P. falciparum, P. vivaz, P. malariae, P. ovale,
and P. knowlesi. Among these, P. falciparum and P. vivax are the most prevalent, with P. falciparum responsible
for most severe cases and deaths. The parasite undergoes a complex life cycle, including sexual reproduction in
mosquitoes and liver and blood stages in humans. Mixed infections involving multiple species are common and
are partly explained by species-specific preferences for red blood cells (RBCs) of different ages, which influence
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coexistence and infection dynamics within the host. Previous mathematical models have investigated within-
host dynamics and predicted competitive exclusion among parasite genotypes, but few studies have addressed the
evolutionary mechanisms shaping species-specific RBC preferences. We developed an age-structured within-host
model that explicitly accounts for parasite preferences for RBCs of different ages, linking RBC age structure to
parasite replication and invasion strategies. This model allows us to identify the conditions promoting the within-
host coexistence between different parasite genotypes, and yields important insights on the within-host parameters
driving the evolution of preference for young RBCs.

Within-host coexistence of different parasitegenotypes. Parasite genotypes coexistence is characterized

by the intersection of a set of algebraic constraints in the preference trait space. Condition (17) defines a feasible

domain, while Condition (18) further restricts this domain by requiring that the composite quantity /(2,1) for

the set G = {1,2} of competing genotypes lies within a bounded interval determined by their genotype-specific
2 1

abilities to infect RBCs. In particular, when the ratios of infection abilities satisfy 6—; ~ 6—;, the coexistence of
n n

both genotypes becomes unlikely. This is consistent with previous studies highlighting that differences in RBC

invasion abilities are a key driver of genotype coexistence (e.g., [12]). Moreover, under the scenario (19) for parasite

infection abilities, increasing the cost associated with preferential affinity for RBCs leads to a strong reduction in

the coexistence potential of multiple parasite genotypes (Figure 3).
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q, (resident strategy) q4 (resident strategy) q, (resident strategy) q4 (resident strategy)
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Figure 3: Effect of the cost of preference, ¢, on the ESS ¢* and on the coexistence between multiple parasite
genotypes. The yellow dot indicates the ESS value ¢* and the gray levels indicate if the mutant can invade and
coexist (dark gray), invade and outcompete (light gray), fail to invade a population dominated by the resident
strategy.

Evolution of preference for young or old RBCs. Our model reveals the importance of the effective repro-
ductive potential Re¢ (22), which integrates three quantitative parasite traits: infection efficiency (f), the number
of merozoites released per burst of infected RBCs (m), and the parasite’s average lifespan (1/§). Variations in
Ret drive the evolution of different preferences for reticulocytes. Interestingly, this preference varies widely among
different Plasmodium species: P. falciparum exhibits limited RBC selectivity, whereas P. vivar preferentially in-
vades reticulocytes and, in contrast, P. malariae preferentially targets mature RBCs [32]. Does the variation in
Rt covaries with the preference for reticulocytes as predicted by our model? It is difficult to answer this question
because we failed to obtain good estimates of R for the different Plasmodium species (Figure 4). Although the
burst size (m) is relatively well estimated empirically (e.g., [32]), the other components (i.e. 5 and ¢) contributing
to the effective reproductive potential Res are difficult measure. Yet, it is worth mentionning that, as expected
from our model, the burst size of P. malariae as a significantly lower burst size than the other two Plasmodium
species. Thus, our model provides a quantitative evolutionary framework to interpret species-specific RBC targeting
strategies. This highlights that RBC age structure is not merely a descriptive feature of host cell populations, but
also a factor driving adaptive differences among malaria species. Moreover, our results link the evolution of parasite
preference to the age distribution of RBCs: a higher abundance of reticulocytes favors the evolution of parasite
preference toward reticulocytes, whereas a lower abundance promotes preference toward normocytes.

Limits of the model and perspectives. Although the model proposed here captures key aspects of RBC target-
ing and parasite dynamics, several assumptions warrant further discussion. In particular, we consider discrete RBC
age classes, whereas RBC age is inherently continuous. In addition, we neglect potential feedbacks between RBC
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Figure 4: A comparison between our evolutionary predictions and the preference of different Plasmodium species
for reticulocytes. As discussed in the main text, accurate estimations of Ref remain to be obtained for the different
Plasmodium species.

production in the bone marrow and the density of circulating RBCs. Such feedbacks may be critical, as parasite-
induced resource limitation can affect the results obtained under the assumption of a constant RBC production
rate. In particular, we have shown that the proportion of each resource class drives the evolution of preference
of the parasite for a specific development stage. From (24), the proportions of reticulocytes and normocytes in
the presence of parasites are expressed as functions of the ratio R, /R, measured in an infection-free environment.
While this ratio is assumed constant in the present framework, it would generally vary when feedbacks between
erythropoiesis and circulating RBC densities are taken into account. Extending the present analysis to a framework
incorporating such resource limitation mechanisms (e.g. [4]) therefore constitutes a natural and promising direction
for future work.

It would be interesting to study the robustness of our results after using alternative formulations for the cost
opf preference such as higher order exponential forms inducing sharper penalties, asymmetric costs between red
blood cell types, or sigmoidal threshold-like responses, may capture different biological mechanisms and could
quantitatively affect evolutionary outcomes. We also assume that the preference trait ¢* modulates the infection
efficiency f;, while the number of parasites released upon rupture of infected red blood cells, m;, remains constant.
This choice reflects the hypothesis that host-cell preference primarily influences the invasion process rather than
within-cell replication. However, this assumption is not the only plausible one. An alternative modeling framework
could let the burst size vary between different types of RBC, thereby capturing potential differences in intracellular
development across RBC types while keeping infection efficiency fixed.

Finally, taking into account malaria parasite sexual development (i.e., the process by which asexual parasites
stop replicating and differentiate into transmissible male or female gametocytes) may alter host cell quality through
the introduction of parasite sexual commitment as a quantitative trait within RBCs. This is particularly relevant
since the commitment capability of malaria parasites may differ significantly depending on whether they occupy
reticulocytes or normocytes [17]. However, properly accounting for such a process in the analysis developed here
would require nesting the within-host dynamics within the epidemiological dynamics, e.g., [25].

Data sharing Statement

All data relevant to this article will are made publicly available. The code (with the R Programming Language) used
to simulate the model can be accessed through the Zenodo platform for reproducibility at DOI:10.5281/zenodo.
21775048 [15].
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A  Proof of Theorem 3.1

Defining the linear operator A : D(A) C X — X by

R,
R,
ORzig|

ey |

(49) geg

_GTRT
0,R, — 0, R,
<—p'3(0)>
a ; _p’rgl(o) geg
~ %~ (n(a) +6,)p(a)
on9d
— P8 (u(a) + 0,)pi(a) + 6,0 (a)
(—5u9)geg

9€g

with D(A) = R? x {0}gaier x WEL(R,, R29)) x RIS, ¥ = R? x R219! x L} <R+,R2|g‘) « RI9!, then letting Xy =
D(A) = R? x {0}paior x L' (R4, R9) x Rl its positive cone Xo; = R2 x {0}geior x L' (R4, R x R!9 and the

non-linear function F' : Xy — X by

R,
R,
ORzigi

e |
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geg
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Ao = BIuIR,
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9€g

(E8)
G-

Ot (ry R2191))

m{p(a)pi(a)da

jefrmy 0

then the system (3) can be interpreted as the following semilinear problem

du
{ 0
u(0)

Au(t) + F(u(t)),

©o € Xp.

vt > 0,

Considering the linear operators A; : D(A) — X and Ay : Xy — X as follow

R,
R,
O]R2 1G]

6D (€

(49) yeq

0

0, R,

O]RZ\

Or1(r, R)
0.pd(a

gl

)

Ogig

so that A = A; + As. Defining wy = min{6,, 0,,,0} we readily check that

[(ALg — A1) 'ollx

_ leollx
~ A+ wo

geg

(A1)

) y A1 = A- A2
geg

for every pg € X and A € R with A > —wy. It follows that A; is a Hille-Yosida operator and since As is a bounded
linear operator then A is also a Hille-Yosida operator. Moreover A is resolvent positive, F' is locally Lipschitz

continuous, i.e.

Vi > 0,3 Cx > 0:[|[F(po) = F(o)llx < Crllvo = Pollx,

and moreover,

V((po, @0) € (XO N Bx(o, H))Q

(A2)

Vi > 0,3 Cy > 0: Voo € Xor NBx(0,k), F(po) + Crpo € Xy and A — C,. I is resolvent positive
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where X, is the positive cone of X. Consequently, standard integrated semigroup approach can be used to ensure
the existence and uniqueness of a mild solution (see [24, 35]). We note that the proof of Theorem 3.1 closely follows
that of Theorem 3.1 in [8].

Now we handle the proof of Theorem 3.1:

1. The equations (5)-(6) are obtained by using the Volterra integral formulation (see e.g. [19, 37]).

2. We derive the uniform bounds for the solutions. For each g € G, we define the total age-structured populations:

NI (1) = / T pi(tayda, NI = / it a) da. (A3)

Integrating (5), we may see that N7 is differentiable with respect to ¢, and the differentiation yields

d

SNI(1) = BOR (1)t (1) — 6,N2(1) - / u(@)pd (¢, a) da.

Summing over g € G and using the equation for R, in (3), we obtain

N/(t) = Ao — 6, N,.(t Z/ a)pd(t,a)da < Ag — 0, N,(t).

9geg

A simple use of gronwall’s lemma lead to (7). Similarly, integrating (6), we see that N, is differentiable with
respect to t and we get

N/ (t) = 0,N,(t) — 0, N, ( Z/ a)pl(t,a)da < 0,C, — 0, N, (t) (A4)

geg

by using (7). It follows by gronwall’s lemma that (8) holds. Next, we bound the parasite load by summing
the u9-equations in (3):

DNCE | " a)(mgp? + m3p8) da— 53 ud(1). (45)

geg

From (7)-(8), we deduce that

LS (1) < mllullo Cr + C) = 63w (0)
dt

geg geg

Again, by gronwall’s lemma, we get (9).

A
3. Let B C X be a bounded set and let ¢y € B. From (7), we see that limsup N,.(t) < 9—0 uniformly in g € B.
t——4o0 r
A
Let € > 0 then there exists T' > 0 (independent of ¢g) such that N,.(t) < 0—0 + ¢ for every t > T. From (A4)
it follows that A '
N0 <o, (5

T

+ ) 0. N, (t), Vt>T
leading to
No(t) < No(T)e=0 (=T (A(’;w’) (1-e®0=D), wvexT

A 0 A
and then limsup N, (t) < So el with € > 0 as small as necessary, whence lim sup IV, (t) < =0 uniformly in
t——+o0 an t—+o0o 9n

A A
o € B. Similarly, let € > 0, then there exists T' > 0 such that N,(t) < 9—0 +eand N,(t) < 6—0 + ¢ for every
t > T. From (Ab) it follows that ' !

G w) sl (52 +e) + (52 4e) | o w, vzt

g€y 9g€eg
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It comes
g —8(t—T) g m||pl Lo & @ __=8(t-T)
doul(t) <e > uf +t— gty T (1
Y Y T "

and finally

limsupzug(t) < % (20 + 20> < %

uniformly in ¢g € B. In conclusion the semiflow is bounded dissipative.

. To prove that the semiflow is asymptotically smooth, we decompose the semiflow as

U= (\I]Rrv \Ian’ (\Ijgrv \Ilgn)g€gv (\Ijsz)QGQ)'

Let ¢ > 0. The operators ¥g (t,.), ¥g,(t,.) and PU(¢,.) are compact for each g € G since they are finite
dimensional. Now, for each (g, j) € G X J we decompose the operator U7 as

VIR A

Pj pj,ini pj,comp

where
\Ijgj,ini(tv QD())(G) = \Ijgj (ta 900)(a)1[t,oo) (a)v \Ilzg;j,comp (ta 900)(a) = \Ijgj (ta QDO)(a)]-[O,t) (a)

for every (a, o) € Ry x Xy. From (5), we have

H\Ilgmini(t7 @O)”Ll S 6*07-15

—0,
ploll <e thg,OHLl

and from (6) we have

t

125, it )l < €™ lp gller + e o ——=lploll -
n ’ QT - on

0r
0, — 6,

It follows that the function n: Ry x Ry 3 (¢, k) — & (1 + ) et satisfies

V> 0: t_l}gloon(t,/f) =0

and
10,0, (¥, ini(t00), W5 ini(t,00))geg: 0)llx <t k), V(t po, k) € Ry x Xy x RY such that [|¢ollx < k.
Let g € G. We want to prove that the operators V) ,...(¢,.) are compact for each j € J. Let B C X4 be a
bounded subset, k = sup ||pol|x and define
poEB

C = sue%(C,n(qu) + Cn(wo) + Culpo)).

We use the Riesz-Fréchet-Kolmogorov theorem [39, Thm X.1, p.275] to prove that {¥? (t,¢0), 90 € B}

pj,comp

is relatively compact in L' for each j € J. First, using (7)-(8) we have

sup [|W9 . comp(t o)l < C < 400, VjeJ.
poEB

Secondly, from (5)-(6) we have

+oo
su U9 omn (s a)da — 0, VjeJ
890€pB~/h b comp (1 #0) (@) h—+ 00 /

since U (t,0)(a) = 0 for a > ¢. Thirdly, let A > 0 such that & < t. From (3) we have

pj,comp

_ _ _ d _ _
RL(8)] < Ao+6,C+C" > 87 =t c1, |R, ()] < 6,C+6,0+C° Y B2 =, 34 (1) < 2m0|ul| L~ +6C = c3
geg geg
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for every t > 0. We deduce that

/|\Pp7,comp( 900)( +h) p comp(’gpo)(a”da

t—h t 0
§ /0 ‘\I]gr,comp(tv cpo)(a + h) \I]p comp(tv 900)(0’)|da + /t—h \I]gr,comp(tv QPO)(a)da + \/—h \Ilzg)r,comp(t7 900)(0“ + h)da
oA
< BTC
> 0r

(hq +hes +C(1 — e_(”“”””"’e’")h)) +2hC — 0
h—0
uniformly in g € B. Similar computations show that

/ |\I/p7, comp( @0)(& + h) \Ilp comp(t 900)(a)|da }:6 0
uniformly in ¢o € B. It follows that the operators W9 ... (,.) are compact for each (g,7) € G x J.
Consequently [16, Lemma 3.2.6, p.38] applies and the semiflow {¥(t,.)}+>0 is asymptotically smooth.

5. From the second point, we can check that orbits of bounded sets are bounded. Then [16, Thm 3.4.6, p.39]
applies and lead to the existence of a global compact attractor A C X, (of bounded sets) for the semiflow
{U(t,.)}+>0. Since A is a compact invariant and since {¥(t,.)}+>0 is bounded dissipative then

1 (A,B) = Ay (U(t, A),B) — 0

—+o00

so A C B. For the last point, let ¢y € A. By invariance of A there exists a complete orbit {¢(¢),t € R} C
A C B through g, hence ¢(0) = ¢g. From (3) we have

S (1.0(€) 2 Ao — | 0, + 20l 35| Ur 06D, V0.0 Ry xR

leading to

AO _(o 2mAq |l ull oo 9yt
\IJRT (ta ¢(§)) Z 1—e (0r+ 50n Zyeg B7) )
0, + gl 3 g B

where the right term goes to
Ao

2 A oo
b, + Zlils 5 o

C1 =

as t — 4oo uniformly in £ € R. Let £ > 0, then there exists T > 0 such that ¥, (¢, $(€)) > ¢; — e for every
t > T and every £ € R. Considering £ = —T implies that

Rro =Yg, (0,0(0) = Vg, (T,¢(=T)) 2 c1 —¢

with € > 0 as small as necessary whence R, o > ¢; > 0 for every ¢ € A.

Similarly, we have

S, (0:0(0) > 10, — 0+ 22 57 50 ) w1, 006)), (6 € Ry xR

dt =
leading to
Cler
liminf U (¢, > =:cy >0
(08 2 R Tl ,
n + 69n deg Bn

and consequently R, o > ca > 0 for every ¢g € A.

6. Let g € G and g € WY. If uf > 0, then it follows from (3) that

W9 (t,p0) > e %uf >0,  Vt>0.
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Hence (¢, pg) € WY for every t > 0. Assume now that uf = 0. Since ¢y € WY, we necessarily have
Z / pj ola)da > 0.
JjeT
By Assumption 2.1 (item 2) and using (5)-(6) we see that
/ Z m U9 (au, po)(a)da > M/ g‘I’g (au, po)(a)da > gz (/ pj,o(a)da> e~ b > (.
JjeET cJ 0
Using (3), we get
a\llg(a“,goo) > 0.
This point combined with the argument used in the previous case lead to

UI(t, o) >0, Vt>a,.

Consequently, U(t, pg) € WY for every t > 0 and WY is positively invariant. It remains to prove the positive
invariance of OWY. Let pg € OWY, then

where N7 and NZ are defined in (A3). Set
YI(t) :=m (NJ(t) + NI(t)) + u?(t).
Integrating (5)-(6), using the definition of m and the bounds (7)-(8), we obtain

d

V(@) < m(BC: (o) + BrCn(p0)) YA(2).

Since Y9(0) = 0, gronwall’s lemma gives
Y9(t) =0, Vt>0
and then U(t, ) € OWY for every ¢ > 0. This concludes the proof.

. Since A is a Hille-Yosida operator then on one hand it generates a locally Lipschitz continuous integrated
semigroup {S4(t)}¢>0 (see [21, Theorem 2.4]) and on the other hand its part Ay in Ay generates a Co-semigroup
{T'4,(t) }+>0 on Xy with growth bound w(Ay) € R. We note that X is a AL-space leading to w(Ag) = s(Ao)
by [36, Theorem 3.14] (where s(Ap) denotes the the spectral bound of Ag). Also, A and Ay have the same
spectral set by [24, Lemma 2.2.10, p. 65] hence s(Ag) = s(A) = —wp and there exists a constant M4 > 1 such
that

1T 4, (t)HL(Xo) < MAe_wot, vt > 0.

Let ¢g € Xo4+, T > 0 and £ > 0. Recalling (7)-(8)-(9), we define

~ ~ ~ g _
K= sup {Cr(®0) + Cn(Po + CulPo)} >0, 1= Vi e CrMaT
LzoeBx(ipo7€)ﬂXo+ A

where C,; is defined by (A2). Let @o € AXpy such that ||pwo — @ollx < 1, then @y € Bx(po,e). Using the

expression of the mild solution, it follows that

U(t,p0) = W(t, o) = Tay(t) (w0 — Po) + % (Sax (F(U(,00)) = F(¥(-,$0)))) (2)

for every ¢ € [0,T] where x denotes the convolution product. Since ¥(.,¢g) and ¥(.gg) belong to Co(R4, Xp4)
and since F is Lipschitz continuous then both functions belong to L'((0,T),x). By the Kellermann-Hieber
Theorem (see [21] or [24, Theorem 3.6.2, p.133]) it comes

t
W(E, o) = (o)l v < Malleo — Pollx + MA/O [1E(¥(s,0)) = F(¥(s, o))l xds
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for every t € [0,T]. From the second item, we know that W(t, o) and U(t, @o) belong to By (0, x) for every
t € [0, 7). Using the Lipschitz property of F (see (A2)), we obtain

t
(2, 00) — W(t, o)llx < nMa + CK,MA/ W (s, p0) = W(s, o) llx ds
0

for every t € [0,T]. Applying gronwall’s inequality, we deduce the following estimate:
I (t, 00) — B (t, Go)|x < nMaeM " <&, Vte[0,T].

Finally, by using [34, Theorem 2.39 p. 47|, the attractor A is locally asymptotically stable. This ends the
proof of Theorem 3.1.

B Computation of the basic reproduction number and of the invasion
fitness

B.1 The computation of Ry(g)

In the case of a single genotype g, we consider System (3) with G = {g}. Around the Disease-Free Equilibrium
(DFE), the densities of uninfected RBCs are fixed at R, = R, and R, = R,. Let b?(t) be the total number of
merozoites produced at time ¢:

b9 () = / " (@) (St a) + mpf(+. )] da.

By linearizing System (3) around the DFE for a single genotype, we obtain the following reduced system for the
infected populations:

pi(t,0) = Blu?(t)
ph(t,0) = Buf(t)
(O + 04) pl(t,a) = —(u(a) + 6, )pi(t, a),

(O + 0a) 1 (¢, @) = —(p(a) + 0n)p7 (¢, @) + 0,p] (¢, a),

By the method of characteristics, we have:

R’I’"
R

9(t, a) B9 (t — a)Rye” Jo W T00ds if g < g,
a) = a
P T 00,0 — e S 0000 ip g >

and

p9(0,a—t)e” Joo () +0n)dn 0,p9(0,a —t) /a e o (n(m)+0r)dn — JSum+oa)dng s if ¢ < q,
a—t

ph(ta) =
B9 Ryud (t — a)e™ Jo wm+0n)dn o 390,94 — o) R, p(8,, 0y, a), if t>a.

We then have

t
b9(t) = / (889 Ry Ji (0040 4 g g0 2 o= I3 (4002000 48 (¢ — ) () d
0

t
+ [ p(6r. 60 )52 R (¢~ ha) da + fo(o) (B1)
0
where fy is accounting for the initial data. The u9-equation of (3) with G = {g} gives
t—a
w(t—a) = ug(O)ef‘s(t*“) + / bg(n)efé(tfafn) dn.
0

Substituting this equality into (B1), we get:

t t—a
o= /o /0 [@Rr (mim(a,0;) +mfp(0y, 0n, a)) +m}, 35 Rur(a, 9")} p@)b(me=* == dnda + fo(t).
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It comes

//ng (¢ = a)dtda+ fo(t),

9 () = [mIBIR,m(a,0,) + md B R, (a,6y) +mlBIR, fp(0r,0,,a)] p(a)e™ =9 d¢ da.

Thus, the basic reproduction number Ro(g) is the spectral radius r(O7) of the next-generation operator @Y (which
is a scalar operator in this case), defined by:

with

OQ:RBv%(/ Hg(é)d€>v€R.
0

This gives:
Ro(o) = [ 1(0)dt
/ / (@,61) + 8 (B 0, @) + 8 B R, 6,)] (@) dadr,
= /0 [5,g-Rr (mIm(a,0,) +m2p(0,,0,,a)) +mlBIR,n(a, Hn)] wu(a) /OO e =24y da.
By Fubini’s theorem, we have:
Ro) =5 [ lmﬁﬂi’Rm(a,&) B3 Ru(a,00) + 1,57 Rep (0, on,aﬂ p(a) da.
This proves (13).

B.2 The computation of the invasion fitness f,, (g2, c)

Linearizing the system (3) at the equilibrium composed solely by the resident with trait ¢;, we find that

Re(t) = —0,Ry(t) — Bru Ro(t) — BR:(aqn, )u (1) — B2R: av, ) (1),
Ralt) = 6,Ry(t) — B Ra(t) — B Ra(t) — BLR (a1, )l (1) — B2R; (a1, (),
<t,0>= “*R() R (a1, (1),
PL(E,0) = BLul™ R (1) + BLRG (a1, cul 2),
PA(1,0) = B2R: (a1, (1),
P2(1,0) = B2R; (a1, (1),
(01 + 0a) pi(t, a) = —(p(a) + 0,)py(t, a),
(00 + 02 P (1 @) = 0,1 (1, @) — (u(a) + 0)pL (¢, ),
()= [ (e [mlpdit.) + miph ()] da—u'(0),

which, for the mutant counterpart (the go-component) gives for j € {r,n} :

p72~ (t,0) = ﬂER: (q1, C)u2 (t),

p(t,0) = B Ry, (qu, c)u’ (1),

(01 + 0u) P2(0. @) = —(n(a) + 0. )93 (1. 0), (B2)
(O + 6a)pi(t a) = erpr(tv a) — (p(a) + Hn)pi(ta a),

(0 = [ nta) [2pit.0) + mdii0)] da— ()
0

0)
0)
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To analyze the evolution of the above perturbation, we derive a renewal equation for M? (gq,t), the number of
newly produced parasites at time ¢ with trait ¢o arising in a resident parasite population characterized by trait q;.
More precisely, this quantity is defined by:

M (got) = [ la) [mipi(t,0) + g 6,0)] da.
0
By (B2), we have
t
()= [ M (ga ) ds e uP(0)e
0

lta) = exp (— /aat(,u(o) +6,) do’) piola—t), a>t,

m(a,0,)B2 R} (q1, c)u(t — a), a<t.
Similarly,

e~ Jae(u(e)+0n) do 2 ola—t) +/ Ope i W@Vt do 2 g f)dl, a >t
a—t

pi(tv a) =
W(a, an)ﬂrzzR:L(qlv C)u2(t - a) + p(@m 9n7 a)ﬂfR:(ql» C)uz(t - a)a a<t.

Consequently, M ¥ (go,t) satisfies the following renewal equation:

t
M (gs,1) = / () [m m(a,0,) B2R;(q1,¢) + m w(a, 0n) B2 R; (a1, ) + m2 pl0y, 0, @) B2 R; (a1, )
0
t—a
x (/ M (gg, 5)e~00t=a=9) dS) da +b(t,q1, q2)
0

t
_ / B (qo,a)M* (go,t — a) da + b(t, q1,q2),
0

where b(t, g1, g2) represents the initial data. The function B (g2, a) denotes the expected number of new parasites
produced per unit of time in the environment established by the resident parasite with trait ¢;, by pRBCs that
have been infected for a units of time by parasites of trait gs:

B (q2,0) = [ (o) [m w(s,6,) BER v, )+ 0 (s, 0) B2 R v, )
0
+m?2 p(0,,0,,5) 2R (q1,¢) (5= gs.

Following the above formulation and classical adaptive dynamics [14, 28], the number of parasites of a mutant of
trait ¢o in a resident population ¢, denoted R(q1, g2, ¢), is given by:

R((I17(I27 ) / BQI(C]% )d
=4 / m 7(s,0,) B2R:(q1,¢) +m? w(s,&n)ﬁgRZ(ql,c)}ds
+4- / ( )mnp(eraenaS)ﬂzR:(QDC)dS
0
5 [m353R¢<q1,c> | tsbnts)ds + m? GERi ) [ w(s,9n>u<s>ds}
0 0
+07 2 2R 01,0) [ p(0r, 00, s)n(s)ds,
0

with

p(0r,0,,0) :/ 0, 7(s,0,) e J M +0m)dn g6 J
0
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Then, the invasion fitness fy, (g2, ¢) is given by

flh (QQ,C) = R(qlanaC) -1

Note that R(q1, g2, ¢) can be rewritten as

R(Qla q2, C) = 5_1 (R:(QM C)ﬁg (mgl—‘r + mir‘r%n) + R;kz ((h; c)ﬁ?lmifn) . (BS)

C Proof of Proposition 4.1

Let E* = (R}, R}, p2", p%* u9™) denote the positive equilibrium of the single-species model. Then

0=Ao— 0, R’ — BIR us,
0=0,R" — 0,R — BIR us"
pP*(0) = IR u”",

P (0) = By Ryu?™,

(pd*) (a) = —(p(a) + 0,)pd*(a),

®%*) (a) = —(p(a) + 0,)p%* (a) + 0,p%* (a),

0= [ wa gy (@) + i (o) da = g
e 0.R, 6,6, R,

R*

= R* =
™ ’ n
0. + B,g-ugx*

(O + BTus") (O + Blus)
2" (a) = Bt Rim(a,0,),  p%(a) = BLud” Rym(a,0,) + BLu® R p(6r, 6, a)

and u9* > 0 is solution of

* 67‘
cI)(ug, ) = 70r e

Rilo) + Rs> o) + (5577 ) (5 g ) RO =1

0, + Bug* O + Brud-

Since the function ® is decreasing and lim ®(u) = 0, the equation ®(u) = 1 admits a positive solution if and only
U—> 00

if ®(0) = Ro(g) > 1, in which case the solution is unique.

D Proof of Theorem 4.2
Let G = {g}.

D.1 Proof of the first item

We start with the first item of Theorem 4.2. Suppose first that Ro(g) > 1 and let ¢ € OW?. From (12), we have
U(t, pg) € OWY for every t > 0 and in particular U9 (¢, ¢q) = 0 for every ¢t > 0. From (5) it comes

r

0,
9, — 06, Hpr,0||L1(R+)€

199 (¢, pollzrrsy < Ipfollroe™, 198, (6 w0l < Ipholloraye™ + oo

for every t > 0. Then (3) implies B B
\IJRT(ta (PO) =R, + (RT,O - Rr)e_eTt

and

_ _ 0, _
U, (t00) = R+ (Bno = Rp)e™ " 4 o= (Rrg = Ry)e™ ! (1 — e—<9r—9n)t) :

It follows that

0
U(t, p0) — Eollx <e ' (1 - — Eollx — 0
(e 0) ~ Bolls < = (14 525 ) o~ Bolls 2

which proves the first point.
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Suppose now that Ry(g) < 1. We introduce the functional

RT,O

Lo : g —> wr(o)ﬁrh (Rr) +/0 7/}r(a>p£,0(a) da +/O ¢n(a)pzyoa) da + u(g)

for every wo := (R;.0, Rn,0, D}, P50, u)) € X4 where

h:RY 3a+—a—In(a) -1,

Y Ry >a+— mfb/ p(o)e™ Jd WO+ qs c R

¥Ry D a— mﬁ/ p(o)e” Jo (w@©)+0-)de md /OO (o) /G 0,e” S (u(m)+07)dn ,— fg’(#(n)wn)dndgda ER,.
a

a a

By Theorem 3.1 item 5, Lg is well-defined on A where we remind that A is the attractor of bounded sets of
X;. Let o9 € A. In order to compute the derivative of the function ¢t — Lo(¥(¢,¢p)), we first assume that
?0 € D((A+ F)o) N Xy where we defined

~ T
¥o = (RT,Oa RTL,O) 0, 0»]9?,0727%0; Ug)
and where (A + F) is the part of the nonlinear generator
(A+ F)po = Ao + F(o), Yoo € D(A)

in Xy with D((A+ F)o) = {®o € D(A) : (A+ F)py € Xp}. It follows from [24, Theorem 5.6.6, p. 242] that the
mild solution of (A1) is classical and we can compute the derivative. Let ¢ > 0. Firstly we have

% L(O)R, Yr(teo) ) _ . — RT](%T 0= 60- g, (t,p0) — B WLt ¢0) Vg, (1, %00))

) t,¢0)
} W (U, (1 0) = Be)” + 9r ()BT (E, 00) (B = U, (1, 00) (1)

Secondly we compute

G @@=~ [ @ 0,95, (en) @) + () + 6%, (1. 0)(@)] da

— 5, OBt o) () + [ (41(0) = (ua) + 6,10 ) 04, (8 ) @)
— OB o) t0) = [ (00(0) + mEn(a) W, () (D2)
by using the equality ¢,.(a) = (u(a) + 0,) ¥r(a) — 0, ¥n(a) — md p(a). Thirdly we compute
G @ @
== [ (@) 009, (00 @) + () + 0.5, (0 0) (@) = 6,4, (1 0)(@)] da
= U (0)BIW(E, o)W, (£, 90) + / " (@)~ (20) + 0,00 (@) ) W8, (1 0) (@) + 6,5, (@)W, 1, o) (@)
= U OBt ) U, (1) = [ @), (1 o) @)da+ 0, [ (@), 1 0) ) (D3)
0 0

by using the equality ¢, (a) = (u(a) + 0,) ¥ (a) — my, p(a). We also have

d

GWUeg0) = [ ) (m2, (o) @)+ 03, (1, 00) @) da — Ot ), (D4)
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It follows from (D1)-(D2)-(D3)(D4) that

dLo(\Ij(t7 900)) - gr'l/)r(o)

dt g, (4 o)

If $o € D((A+ F)p) then we may argue by density of D((A+ F)o) N Xo4 into Ayt (see [24, Lemma 5.6.7, p. 243))
combined with the fact that the semiflow {U(¢,.)};>0 is state-continuous uniformly in finite time (see Theorem
3.1, item 7) to prove the formula (D5) for any @y € Xyt (hence any ¢y € X;). By invariance of A we have
U(t, ) € A for every t > 0, and by using Theorem 3.1 item 5, we know that A C B (where B is defined by (10))
hence U, (t,p0) < R, for every t > 0. We deduce from (D5) that

Tl < - O (1) = ) (0 OB2R, + 0, (013, — ) Wit o)

97“1/]7" (0) (

= Wg (t00)

(Ur, (t,00) = Br)*+ (0(0) B Ry + v (0)B4W g, (£, 00) — 8) WE(t, o), ¥t > 0. (D5)

R (t00) — Re)? 46 (Rol(g) — 1) W4(t, 0o) (D6)

by using (13). Since Rg(g) < 1 then the derivative is non-positive and Lg is a Lyapunov function on .A. We state
the following result.

Lemma D.1 Let ¢o € A and {¢(t),t € R} C A be a complete orbit through vo. If Lo is constant on {¢(t),t € R}
then ¢(t) = Eq for every t € R.

Proof. Let g := (Ry.0, Rn0,P00,05.0,u5) € A and {¢(t),t € R} C A be a complete orbit through ¢g. Suppose
that Lo is constant on {¢(t),t € R} then from (D6) it comes

Up (t,(0)) = Ry, V(t,0) € Ry x R.

In particular R, = R,. From the R,-equation of (3) it follows that ®J(¢,¢(c)) = 0 for every (t,0) € Ry x R,
hence uf = 0. From the R,-equation of (3) we get

d\fl%(tv d)(o')) = QTRT - an\IIRn (t, ¢(U)), v(t, O') c R+ % R
We deduce that i
Vg, (t,¢(0)) = Vg, (0,6(0))e” " + erei (1—eft).

Since A C B then Uy (0,¢(0)) < R, for every o € R and it follows that . 1i£rn Vg (t,¢(0)) = R, uniformly in
—+00
o € R. Consequently, for any ¢ > 0, there exists 7' > 0 such that |Vg, (t,¢(0)) — R,| < ¢ for every o € R and every

t > T. Since {¢(t),t € R} is a complete orbit then
Vg, (t,9(0)) = Vg, (T,¢p(c +t—T)), VY(t,o)eRL xR
and |V, (t,¢(0) — R,| < € for every (t,0) € Ry x R. Considering ¢ as small as necessary then we obtain

\I/Rn (ta ¢(0-)) - Rn, V(t,U) c R+ x R

and in particular R, o = R,. Now, we use the expression (5) to state W9 (¢,¢(c))(a) = 0 for every (t,0,a) €
Ri x R x [0,t). For a > t, it suffices to see that

W (t,¢0(0))(a) =¥) (a+e,¢l0c+t—a—¢))(a) =0

for any € > 0 since a < a+¢. We deduce that W7 (t,¢(c)) = 0z for every (¢,0) € Ry x R. Exploiting the relation
(6) it follows that W9 (t,4(0)) = Op1 for every (¢,0) € Ry x R which ends the proof of Lemma D.1 ]

We now return to the proof of the first item of Theorem 4.2. Let ¢q € A, then there exists {¢(t),t € R} C A
a complete orbit through ¢g. Since Lg is a Lyapunov functional on the complete orbit then we deduce from [34,
Proposition 2.51, p.53] that Lo is constant on the alpha-limit set «(¢) and on the omega-limit set w(ypg) (see [16]
or [34] for definitions). Since {¢(t),t € R} C A which is compact, then {¢(s),s < 0} is relatively compact on
X and non empty. From [34, Theorem 2.48, p.52] the set a(¢) is nonempty, compact, invariant, connected and
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. lim Apg(¢(t),a(¢)) = 0. Since Ly is constant on a(¢) then it is constant on every complete orbit on a(¢) and by
——00

Lemma D.1, we get a(¢) = {Fo}. It follows that
lim_An((s). {Ea}) = 0.

Using the facts that Lo(Ep) = 0 and that Lo is a Lyapunov function on {¢(t),t € R}, then we necessarily get
Lo(é(s)) = 0 for every s € R. Finally {¢(s),s € R}) C A is a complete orbit through ¢¢ € A on which Ly is
constant. Using again Lemma D.1, we get @9 = Ey. In conclusion A = {Ey} which is gAS on X and the first
item of Theorem 4.2 is proved.

D.2 Proof of the second item
We now start the proof of the second item of Theorem 4.2. We define the set

Q= U w(¢o)

©woEOWYI

which reduces to {Ey} by using the item 1 of Theorem 4.2. Clearly the set {Ep} is invariant, disjoint and compact.

Let K C OWY be a compact invariant. We will show that K = {Ey}. Indeed, let 9 € K. By invariance of
K there exists a complete orbit {¢(t),t € R} C K through ¢g. From (D6) we see that L is a Lyapunov function
on K. The same arguments used for the first item apply and show that Lo is constant on a(¢). By Lemma D.1
we get a(p) = {Ep}. We deduce that Lg is constant on {¢(t),t € R} and by Lemma D.1 we get ¢y = Ey whence
K ={Ey}.

It follows that {Ep} is isolated in OW? (we refer to [34] for the definitions). Also, the set Q is acyclic since,
otherwise, there would exist a complete homoclinic orbit {¢(¢),t € R} C OW?Y that connects Ey to itself with
#(0) # Ep. This orbit is an invariant set, which is absurd since {Ey} is the only compact invariant set by the
previous claim.

We now show that {Ey} is uniformly weakly p9-repelling i.e. there exists € > 0 such that

limsup || (¢, p0) — Follx > ¢, Voo WI.

t——+o0

Let g € WY9. We consider the functional EO defined by
Lo((t, o)) = / Ur(a)¥3 (1, ¢0)(a)da +/ Yn(a)¥y (L, po)(a)da+ (L, o)
0 0

where the weights 1);(a) are those of the functional Ly. We may prove that the function R} >t — Lo(Y(t,0))
is well-defined since

d d
—Ur (¢ 0 —Ur (1 0
dt R'r( Y ‘PO) > ’ dt Rn ( I SDO) >

for every t > 0 by using the two first equations of (3) and the fact that the solution is bounded by Theorem 3.1.
The same arguments than for Ly show that the derivative of R} > ¢ —— Lo(¥(t,¢0)) can be computed as:

d

@Zo(‘l’(@ ©0)) = (¥ (0)BIV R, (t, 00) + Vn(0)BIV R, (T, o) — ) Wi (1, p0).

by using the equations (D2)-(D3)-(D4). Since Ro(g) > 1 then by definition (13), we can find & > 0 small enough
such that:

€
Cr = Ro(g) — 3 (¥r(0)BY + ¢, (0)57) > 1.
Suppose by contradiction that there exists g € WY such that limsup || U (¢, ¢9) — Eol|x < e. Then there exists
t—+o0
t > 0 such that Vg, (t,00) > Rj — ¢ for each j € J and every t > t for every t > t. Tt follows that

d ~ €
4 To((t,00)) > 6 (Rolg) — (0 (037 +a(0)89) — 1) Wh(t, 00) = (L ~ VW41, o).
Since I > 1 and since WJ (¢, g) > 0 for every t > tg where tj is defined in Theorem 3.1 (item 6), then the derivative
of Ly is positive for every t > max{to,t}. The fact that W(t,¢g) € WY for every t > 0 ensures that Lo(¥(t, po)) > 0
for every t > 0. Consequently , hI_El Lo(¥(t,¢0)) = +00. This contradicts the assumption.
— 400

From [34, Theorem 8.20, p.189] it follows that ¥ is uniformly weakly pY-persistent and even uniformly strongly
p?-persistent by combining with [34, Theorem 5.2, p.126]. Finally a simple use of [34, Theorem 5.19, p.138] gives
the existence of the global attractor A7 in WY that is locally asymptotically stable.
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E The coexistence equilibrium

Consider two genotypes and let G = {1,2}. At equilibrium, System (3) yields:

0=~Ao—60.R; =Y Blud*Ry,
geg
0=0,R; —0,R;, — > Blu"R;,
g€eg
PP (0) = Blu?* Ry, ge€qg,

Py (0) = Bius Ry, g€,
(p77)'(a) = —(u(a) + 0:)p?"(a), g€,
(p77)'(a) = =(u(a) + 0n)p " (a) + Orp"(a), g €G,

0= / p(a) [mipl™(a) + mipi*(a)] da — 6u?™, g€,
0

i.e.

Ao
R: = ,
QS S
0,R* 0, A
R : _ 0

O+ 2geg AT <9n +2geg @%ugv*) (Gr + > ge0 Bfug,*) 7
p*(a) = v Bl R (a, 0r),

py(a) = Biu" Rym(a, 0n) + Blu”" Rip(0r, 0n, a).

Thus, by (E2), the (u"*, u**) equations of (E1) lead to

ud* :ug’*ﬁfR:/ w(a) [min(a,0,.) +mop(0,,0,,a)] da + ug’*ﬁngL/ wla)ymén(a,0,)da, Vgeq.
0 0

Since we look for u9* > 0 for each g € {1, 2}, then it comes

_ Aoy
SOt deg Bilug

/ ju(a) [m3m(a, 8,) + m p(6,. 6, 0)] da
0
+ 97«/\05%

(9n + 2 geq ﬁ%uga*) (er + 2 geg Brus”

)/ wlaymdm(a,0,)da, Ygeg
0

i.e.
0y
Or + 2 geo Brus

0,6,
(o + Xy ) (001 Xogeg 1)

(Ro(g) +Ro " (9)) +

Let
97” 07’7.

T = >0 and = > 0,
0, + Egeg ﬁ;‘«]ugv* Y On + Egeg Bgug’*

then (E3) becomes
1= (Rol9) + Ry "(9)) = + R (9)y,
{1 = (Ro(g2) + Ry " (q2)) # + R (g2)zy.-
Solving the equations of System (E5), we obtain (since x # 0)
(RE(2) — RE(1)y = (RE(1) + R"(1)) — (RE(2) + RE"(2) .
Case 1: (R§(2) — Rg(1)) # 0 and (Rp(1) + R57™(1)) — (RE(2) + RE7™(2)) # 0. Then, by (E6)

(Ro(1) + Re (1) = (Ro(2) + Ro""(2))
(Rg(2) = R (1) ’
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(E4)
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and (Eb5) gives

1 B 1
Ry(1) + Ry (1) +Ri(L)y — Rp(2) +Ry~7™(2) + Ry a2)y’
Therefore, we have 0 <z < 1 and 0 <y < 1 iff

T = assoon as ¥y > 0.

(RB() + R (1)) ~ (RE(2) + RE(2)
0<uE1) = R (2) ~ R4 (1) -h (E7)
RE(1) + R5" (1) + Ri (1y(2.1) = Ra(2) + Re"(2) + R 2)y(2,1) > 1.

Under the above conditions and by (E4) we have

1
gt gt =0, (1-1)),

T

Brul* + B2 U =0, (1 - 1) .
Y

= R
B gzar—gz |7 G LAVl (E9)

2% 1 _ (- 1 l_
Py L &@(x Q+%@(y1],

provided that 323} — 328 £ 0. If B2} — B2BL = 0, then the two equations of System (E8) are linearly dependent
on the left-hand side. Therefore, System (E8) admits infinitely many solutions if the right-hand side satisfies the

compatibility condition
1 1
ﬁ}zer ( - 1) = ﬂ}‘en ( - 1) ;
T Y

s ()

If this compatibility condition is not satisfied, then System (E8) admits no solution.
Finally, by (E7) and (E9), we then have u>* > 0 and u®* > 0 iff

(5 <G G- < (B0
—ml , <|--1 -—1 <—max ,
<ﬂ2 B Yy Br By
Case 2: Assume that exactly one of the two differences in (E6) is zero. First, suppose that
R¢(2) = Rg(1) =0 and  (Ry(1) +Ro™"(1) — (Rp(2) + Rp "(2)) # 0.
Substituting Ry (2) — Ry (1) = 0 into the left-hand side of Equation (E6) yields:
0=(Ro(1) +Ro~"™(1) = (Ro(2) + R (2))

which directly contradicts the assumption that this difference is non-zero. Hence, no solution exists in this case.
Conversely, suppose that

Rg(2) =Rg(1) #0 and  (Rp(1) + Ry "(1)) = (Ro(2) + Ry "(2)) = 0.
Then, Equation (E6) reduces to:

(E8)

From where:

or equivalently,

(R (2) = Rg(1)y = 0.
Since we require a positive equilibrium where y > 0 (by (E4)), this implies that Ry (2) —R{ (1) = 0, which contradicts
the assumption that this term is non-zero. Consequently, if exactly one of the two conditions holds, System (E5) has
no solution. Therefore, the main System (3) cannot admit any coexistence equilibrium under these circumstances.
Case 3: Assume that

Ri(2) = Rg(1) =0 and  (Rp(1) +Ro 7" (1)) — (Ro(2) + R 7" (2)) = 0.
Then, Equation (E6) is automatically satisfied. So that the two equations in (E5) coincide and reduce to
1= (Ro(1) + Ro™"(1)) z + R (1)zy

Consequently, infinitely many pairs ((z,y)) satisfy (E5), and therefore this system admits infinitely many positive
solutions.
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F What is preference?

In the present framework, we assume that parasite preference for RBCs of a given age primarily affects the early
invasion stage preceding the rupture of pRBCs. This reflects the idea that, during blood-stage infection, merozoites
repeatedly encounter RBCs of different ages and may transiently attach to them before either successfully invading
or detaching. In this scenario, we model a transient pairing P; between a merozoite and an RBC of type R;. Pair
formation occurs at rate 3;, followed by either detachment at rate I'; or invasion at rate J;:

r(f)ZAo—QR()—ﬁr() (t)+FP()
Ry (t) = 0, Ro(t) — 93() 2U(t) Ry (1) + T Py (t),
P](t):ﬁju(t)Rj(t) (T ) 5 (t), JG{T n},
p;(t,0) = 9§, P;(t), jG{r,n}.

Assuming that pair dynamics are fast relative to RBC and parasite dynamics, a quasi-steady-state approximation
yields

Rr(t) = AO - erRr(t) - 6ru(t)Rr( )
Ry (t) = 0, R (t <)—9 Ry (t) — Bou(t)R >

p;(t,0) = Biu)R;(t), j€{rn},

ﬂr (t)R.(1),
Bnu(t) Ry (1),

r
n(t

Fn+5n

F+(5

i.e.

R.(t) = Ao — 0,R,.(t) — T ;5 Brult) Ry (1),
Ru(t) = 0, R.(t) — 0, Ry, (t) — Fni” i Bru(t) Ry (t),

05 _
F,ii(gjﬂju(t)ﬁ’/j(f% je{rn}.

J

by (tv O) =

The above system naturally defines an effective preference coefficient 8;6;/(I'; + 9;). This term captures the
trade-off between attachment and invasion success and allows preferences for young versus old RBCs to be encoded

mechanistically.
For instance, assuming that 8, = 3, = 8 and
o —gvae), == (1 -gx(@d. withge (0.)
FT_"_(ST*QX(]’Ca Fn-i-(sni q)x\q;¢c), with g L)

the trade-off scenario considered in this study is recovered through (19).

G Existence and characterization of the singular preference strategy

The above result establishes the existence of a singular preference trait, denoted by ¢*.

Existence of the singular strategy. Proof of Theorem 5.1. Let us set

xr(q1,¢) = qix(qi,¢),  xnlqi,¢) = (1 —q1)x(q1,¢)-

In what follows, the parameter c¢ is fixed and the prime notation denotes differentiation with respect to the first
variable. Thus,

Xe(q1,¢) = Oy xr(q1,¢),  Xn(q1,¢) = Og xn (a1, €).
By (B3), we have

Jai(q2,¢) = R(q1,q2,¢) = 1 = Ret - [xr(q2,¢) Ry (q1,¢) (T + Trssn) + Xn (g2, ¢) Ry (q1,¢) '] — 1,

and thus

8fCI1 (q2, C)

8(]2 = Ref : [X;(qlv C) R: (qlv C) (Fr + Fr—)n) + X;L ((]17 C) R:,(qh C) Fn} .

q2=q1

S(qlv C) =
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Substituting R} defined by (15), then the condition S(¢*,c) = 0 is equivalent to

07’ _ 7X;“(q*7 C) (FT‘ + FT‘WL) (G].)
0, + Bn(q*, c) u*(g*, ¢) Xo(q*, )Ty ’

which rewrites as

1 ! * I‘n
L (e e,y
Bn(q*, c) Xp (g%, ¢) (Tr + i)
and is equivalent to (26). Now suppose that ¢* is a singular strategy that is the latter equation holds. Then we get
F(q¢*) = G(q"), where

(G2)

Consequently, the candidates for ¢* to be a singular strategy is to check whether F(¢*) = G(¢"). By the definition
of x; in (20), these simplify to:

_ Ao Ret (T + T i) o—c(a=1)?
A(q) ’

where
Alq)=(1—c¢)+3cq—2cq>,  Blg) =1+ cq—2cq’.

A direct computation gives:
2
(¢—1) (4c(q — %) + 2)
A(q)?

Since ¢ — 1 < 0 for ¢ € (0,1) and all other factors are strictly positive, we have F’(q) < 0 for all ¢ € (0,1) and all
¢ > 0: F is strictly decreasing on (0,1). A direct computation yields:

N(qg;c)

F/(Q) = A(] Ref (Fr + Fr%n) - C

G'(q)=0, —=ZL—,
W)= T g Blep
where )
N(gq,¢) = R(1 —c+6¢cq(1—q)) — (1 +cq — 2(:q2) ,
. 0, r . .
with R = Eﬁ We write N(q,c¢) = RNi(q,c) + Na(q, ¢), with

Ni(g,¢) =1—c+6eq(1—q),  Na(g,c) = — (1+cq—2¢4?) = —B(q)* < 0.

The monotony of G is given by the sign of N. If Ni(g,c¢) = 0 then N(g,c) < 0. If Nyi(g,c) # 0, we may introduce
the threshold function
2
E(q C):_NQ(%C) _ (1+cq—20q2) _ B(q)2
’ Ni(g,c) 1-c+6eq(l—q) 1—c+6eq(l—q)

(G3)

It follows that N(g,¢) > 0 <= Ni(g,¢) > 0 and R > R(q,c). Moreover, if Ni(q,c) < 0 or if Ny(g,¢) > 0 and
R < R(q,c) then N(g,c) < 0. We distinguish three cases.

e Case ¢ < 1. Since Ny(g,¢) > 1 —c¢ > 0 for all ¢ € (0,1), the threshold function R is well-defined. The

boundary values are:
~ 1 ~
R(0,c) = ) R(l,e)=1-c.

1-c
A direct computation gives

2¢(1 + cq — 2cq®)P(q,c) _ 2¢B(q)P(g;c)
Nl(qaC)Q Nl(qaC)Q

aqé((b C) =
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where
P(g,c) = 12¢q® — 18¢q* + (Tc + 2)q — (¢ +2) = (g — 1) (12¢¢* — 6cg + ¢+ 2) .

For q € (0,1), we have ¢ — 1 < 0. In addition, 12¢q® — 6¢q 4+ ¢ + 2 > 0, since its discriminant is
A=—-12¢(c+8) <0

hence P(q,c) < 0. The roots of the polynomial function B are

- 1—/1+% . 14+ 4/1+8
G = —L—t <0, ghlo=—Y "

Since ¢ < 1 then ¢ (c) > 1 and B(g) > 0 for each ¢ € [0, 1] and since Ny(g,c) > 0 we obtain

&Jé(q, c) <0
so R is strictly decreasing on [0, 1], with
R(g,c) = -+ in Rlg,c)=1
max ,C) = , min ,co)=1—c.
q€[0,1] 1 1-c¢c q€[0,1] 1

Therefore, there are three subcases.
— Suppose that R < 1 — c. Since R is strictly decreasing on [0, 1] then we have
R < ﬁ(q, ¢) for every g € (0,1).
Hence, G'(q) < 0 for all g € (0,1), so that G is strictly decreasing and
G(q) < G(0) = 0,, Vg € (0,1).

By definition of G, it comes
RA(q)

B(q)

>0, Vge(0,1)

(G4)

and u*(g,c¢) < 0 by using (26) which is absurd. Consequently, no biologically admissible candidate

singular strategy exists in this case.

1 ~
— Suppose that 1 —c < R < 1o Since R is strictly decreasing on (0,1), there exists a unique ¢, € (0,1)

such that

R = R(q.,¢).

Moreover,
G'(q) <0 for q € (0,q.), G'(q) >0 for q € (qc,1).

Thus, G is strictly decreasing on (0, ¢.) and strictly increasing on (g, 1). Also, since R > 1 — ¢ we have

lim G(q) = +o0
q—1-

and there exists a unique g € (¢¢, 1) such that G(g) = 6, (because G(0) = 6,.). It follows that
G(q) <0, for every ¢q € (0, q).

The same argument that for the previous case shows that u*(q,¢) < 0 for every ¢ € (0,q), hence a
singular strategy necessarily satisfies ¢* € (g, 1). On (g, 1), the function G is strictly increasing, whereas
F is strictly decreasing. Therefore, H = G — F' is strictly increasing on (g, 1) and admits at most one
zero. Furthermore,

H(q) =G(a) - F(z), and  lim H(g) = +oo.
Thus, the equation F(q) = G(¢) admits exactly one candidate in (g, 1) if and only if F(7) > G(q) = 6,.
Under this condition there exists at most one singular strategy.
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1 -
— Suppose that R > % Since R is strictly decreasing on [0,1] and

qrél[%ﬁ] R(q,c) = R(0,¢) = T

we have R > E(q,c) for every ¢ € (0,1). Hence, G'(q) > 0 for every ¢ € (0,1), and G is strictly
increasing. In particular G(q) > 6, for every ¢ € (0,1). Moreover H = G — F is strictly increasing and
the equation F'(¢) = G(q) admits at most one solution in (0, 1). Since

H(0) =0, — F(0), and lim H(q) = +oo,

qg—1—

the function H admits a unique zero if and only if F(0) > ,.. Under this condition there exists at most
one singular strategy.

e Case ¢ = 1. In this case,
Alg) =4q(3-29),  Blg) = (1 —q)(1+2g).
The function F' is strictly decreasing on (0, 1) and satisfies lir(r)1+ F(q) = +o00. Moreover, the threshold function
q—r
becomes

that is a strictly decreasing function on ¢ € (0, 1) and satisfies

lim R(q,1) = 400, lim R(g,1) =0.

q—0*t q—1—
Therefore, for every R > 0, there exists a unique ¢. € (0,1) such that R = E(qc, 1).
Furthermore,
G'(q) <0 Vg€ (0,q0), G'(q)>0 Vg€ (g1)

hence G is strictly decreasing on (0, ¢.) and increasing on (g., 1) with

lim G(g) = +oc.

q—1—
Since G(0) = 6,., there exists a unique point § € (g, 1) such that G(q) = 0,. Consequently G(q) < 6, for
every g € (0,q). The same arguments than before shows that any biologically admissible singular strategy ¢*
must belong to (g,1).

On the interval (¢, 1), G is strictly increasing, whereas F is strictly decreasing. Hence, H = G — F' is strictly
increasing and admits at most one zero. Moreover,
H(q) =0, — F(q), lim H(q) = +oc.
q—1—

It follows that the function H admits a unique zero on (g, 1) if and only if F'(§) > 6#,. Under this condition
there exists at most one singular strategy.

e Case ¢ > 1. In this case, the functions A and B may vanish on (0,1). The roots of A are

- 3—4/1+8 . 344/1+8
Go=—Y—" ="
Since ¢ > 1, we have ¢ (c) € (0,1) and ¢} (c) > 1. Moreover, since A is a concave quadratic polynomial, it
follows that
Alg) >0 <= g€ (q4(0),1).

The roots of B are given in (G4). Since ¢ > 1, we have ¢j;(c) € (0,1). Also, by the previous concavity
argument it comes
Blq) >0 <= q€(0,q5(c)).
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Therefore we define the following interval

I = (gmin(c), gmax(c)) ,
where
Gmin (C) =qyu (C)v Qmax(c) = qg (C)
On this interval, A(q) and B(q) are positive, so F and G are well defined on I.. Also, since (1 —¢)?B(q)* > 0
for every q € I., then the sign of G'(q) is the sign of N(g,c). The roots of the function N; are given by

1 2 11 2
_ _ 1 — + = — - 1 - .
G 3( +C>7 an, () 5+ 3( +C>

Ni(g,¢) >0 = q€ (qy,(c), a4, (0))-
Moreover, one may check the following inequalities:

N

qn, () =

Consequently we get

0, (6) < Gmin(€) < gmax(c) < g1 (c)-

A(g)

On one hand it implies that for every ¢ € (0, gmin(c)) we have A(q) < 0 and B(g) > 0 whence 1 — Rm >0
q

and G(q) < 6, for every q € (0, gmin(c)). Similarly on the interval (gmax(c), 1) we have A(¢) > 0 and B(g) <0
when G(q) < 0, for every ¢ € (gmax(c),1). It follows that any singular strategy candidate ¢* must belong to
the interval I..

On the other hand we see that I. C (q&l(c),qj(,l (¢)), which implies Ny(g,c¢) > 0 for all ¢ € I,. Thus, the

threshold function R(q, ¢) is well-defined and strictly positive on the entire domain I, (since B(g) > 0 for every
q € I.). To determine the behavior of G, we study the variations of R(q,c) on I.. There are two subcases.

— Supose that R > ﬁ(qmin(c), ¢). Since R is strictly decreasing, we have R > E(q, ¢) for all ¢ € I.. This
implies N(q,c) > 0, and consequently G’(q) > 0 on the whole interval I.. Thus, G is strictly increasing
on I.. Since F is strictly decreasing on I., then the function H = G — F' is strictly increasing on I, with

oy H{g) = —co and s ae)- H{g) = oo
Hence the equation F(¢) = G(¢) admits a unique solution ¢* in I. and there is at most one singular
strategy.

— Suppose that R < E(qmin(c), ¢). Using the facts that E(qg(c), ¢) = 0and R > 0, then by the intermediate
value theorem, there exists a unique critical point ¢. € I. such that R = E(qm ¢). For ¢ € (qmin(C),qc),
we have R < R(q,¢) so G'(q) < 0, and for q € (qe, gmax(c)), we have R > R(q,c) so G'(q) > 0. On one
hand since A(gmin(c)) = 0 then

qmin(c)
G(gmin(c)) =0, — ————0,, < 0,.
(gmin(c)) T——
On the other hand, since B(g¢max(c)) = 0, then
Alg)

1m —— = +00,

4=+ (gmax ()~ B(q)
which yields

lim G(q) = +o0.

q— (gmax(c))~
Consequently there exists a unique point § € (¢e, gmax(¢)) C I. such that G(q) = 0,. It follows that
G(q) < 0, for every ¢ € (gmin(c),q) and necessarily any singular strategy candidate ¢* must belong to
the interval (G, gmax(c)). Finally, on this interval the function H = G — F is strictly increasing and admits
at most one zero. Moreover

H(Cj) =0, — F((j)v lim H(q) = +o00.
g+ (gmax ()™

It follows that the function H admits a unique zero on (q, ¢max(c)) if and only if F(g) > 6,.. Under this
condition there exists at most one singular strategy.
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Nature of the singular strategy. We compute the coefficients .S;; introduced in (25) in order to determine the
nature of the singular strategy ¢*.
To check for the ESS potential property of the potential singularity characterized by (G2), we compute:

* TR* *,C * nR: *’C * r nR: *7C
Sas =x1(q ,C)ROM +x"(q ,C)ROM gk, QR L
R, R, R
* A r—n R:: q*,C * nR:L q*yc
=X,/ (q"¢) (Rt + Rg ™" )(T) + Xn(q", )Ry %7
T n
0y < "ok — 1"y ox 0,
- Xr'(a*,¢) (Rg +Rg ™) + X (™, ORG :
9T+er(q*,0)u* ( )( 0 0 ) ( ) Oen"‘BXn(q*ac)u*
and from (G1) we obtain:
On _ a7, 0) (RE™™ + Rp)
b+ Bxn(g, Ju Xula" R

that is

0 (RS + Rg_m) ( " % X/ (C]*, C)
Soy = Xr (@5 ¢) = xn(q" o) =—— ).
270, + B (g, c)u (@) ( )X’n(tJ*, c)

The prefactor
0r (Ro+R6"™")
Or + Bxr (%, c)u*’

is strictly positive on (0,1), so the sign of the curvature is the sign of

X (q"¢)

E(q") = X7 (¢, ¢) = xu(q", 0) . G5
(a") (¢",¢c) ( )X%(q*’c) (G5)

The equation (G5) becomes

2

_c(4e(g)? —degt + e+ 2) —e(q* =) .

<1 2¢* —1)2 42
E(q*)— —c(q —2)2 _ C(C( q ) )

c(2(¢*)? =3¢ +1) -1 e -3¢ +1)—1
Since ¢(2¢* —1)? +2 > 0, for all ¢* € (0,1) and ¢ > 0, the function E is of the sign of

f@)=c(2(¢")? =3¢ +1) — 1 = —A(q").

We easily find that
f(q*) <0< q" € (max(0, gmin(c)),1),

Gmin(c) = % (3—,/1+i>.

Therefore, the singular strategy ¢* is an ESS iff ¢* € (max(0, ¢min(c)), 1). This completes the proof of Theorem 5.1.

with
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